The spectral properties of outdoor illumination functions can vary significantly, owing to atmospheric conditions and scene geometry. Using a statistical analysis of a comprehensive physical model, we show that the variation in outdoor illumination functions over both the visible range (0.33-0.7 m) and the visible/nearinfrared range (0.4-2.5 m) can be represented accurately by use of seven-dimensional linear models. The physical model includes solar and scattered radiation as well as the effects of atmospheric gases and aerosols. The MODTRAN 3.5 code was employed for computing radiative transfer aspects of the model. We show that the new model has strong agreement over the visible wavelengths with the empirical study of Judd et al. [J. Opt. Soc. Am. 54, 1031 (1964 ]. We also demonstrate the accuracy of the model over the 0.4-2.5-m spectral range, using measured outdoor illumination functions.
INTRODUCTION
The recent development of imaging spectrometers has provided an important tool for studying the distribution of materials on the surface of the Earth. Two such sensors, the Hyperspectral Digital Imagery Collection Experiment (HYDICE) 1 and the Airborne Visible/Infrared Imaging Spectrometer (AVIRIS), 2 obtain over two hundred spectral measurements per spatial location over the spectral range 0.4-2.5 m. One goal of these sensors is to provide a spectrum at each sensor location that can be used to recognize the imaged materials. Unfortunately, the dependence of the scene illumination on the atmospheric and geometric conditions causes variation in the observed sensor radiance measurements for a fixed material. To extract intrinsic surface properties, atmospheric and geometric effects must be accounted for. Some methods for atmospheric correction are based on knowledge or assumptions about the spectral reflectance of surfaces on the ground. [3] [4] [5] Another approach 6 is to measure the illumination on the ground directly to factor out atmospheric effects. Neither of these approaches is feasible for fully automated image analysis in unknown environments.
Linear models for visible wavelength illumination spectra have been used on many occasions to extract intrinsic surface properties from trichromatic color images. These linear models are typically used in conjunction with linear models for surface spectral reflectance. Buchsbaum 7 and Gershon 8 combined linear models for the illuminant and surfaces with assumptions about the average spectral reflectance in the scene to estimate spectral reflectance across an image. Brainard et al. 9 and Ho et al. 10 used a linear illumination model and a linear spectral reflectance model to separate the contribution of illuminant and reflectance at each image point. D'Zmura 11 and D'Zmura and Iverson 12, 13 thoroughly analyzed the problem of recovering spectral reflectance, using linear illumination and surface models for various numbers of color bands, illuminants, and surfaces. Linear models for illumination and surfaces over the visible wavelengths have also been used to generate efficient spectral representations for various applications.
14 Linear models for surface spectral reflectance have been analyzed carefully using measured data, [15] [16] [17] [18] and similar studies have examined the use of linear models for outdoor illumination functions. The study of Judd et al. 19 considered 622 samples of daylight measured at 0.01-m intervals over the range 0.33-0.7 m. Daylight refers to skylight and sunlight plus skylight. Of the 622 daylight samples, 249 were obtained in Rochester; 274 were obtained in Enfield, England; and 99 were obtained in Ottawa. The results suggested that most of the daylight samples could be approximated accurately by a linear combination of three fixed functions. Although this study is perhaps the best experimental analysis of daylight to date, the results depended heavily on the particular conditions under which the samples were obtained. The authors point out in Ref. 19 , for example, that some discrepancies at longer wavelengths result from the presence of more water vapor in the Enfield atmosphere than in the Rochester and Ottawa atmospheres. Several other researchers have performed similar analyses, using various data sets collected on different continents. [20] [21] [22] [23] [24] [25] [26] The results they present, like those of Judd et al., 19 are restricted to the visible wavelengths.
In this paper we analyze the effects of atmospheric and geometric factors on 0.4-2.5-m outdoor illumination functions. We begin by presenting a comprehensive physical model for outdoor illumination. Using this model and the MODTRAN 3.5 radiative transfer code, 27 we generate a set of illumination spectra that spans the range of atmospheric and geometric conditions. We show that these spectra are accurately represented by a sevendimensional linear model. As a special case we show that this model is consistent with the results reported in Ref. 19 for the visible wavelengths. We also show that the seven-dimensional model accurately approximates measured ground illumination functions over the 0.4-2.5-m spectral range.
MODELING ILLUMINATION SPECTRA
Consider a ground surface with normal n with an associated coordinate system defined by polar angle and azimuthal angle . The solar direction is ( o , o ), as shown in Fig. 1 . The ground spectral irradiance is given by
where K is a binary constant that accounts for occluding bodies in the solar-to-surface path,
is the scattered sky radiance (i.e., excluding direct solar radiance) per unit solid angle incident on the surface from direction (, ), and denotes wavelength. Thus the two primary contributors to the ground spectral irradiance L() are due to direct solar illumination and sky illumination, as shown in Fig. 2 . For a matte ground surface with spectral reflectance s(), the reflected spectral radiance in any direction will be proportional to L()s(). We will also refer to the ground spectral irradiance function L() as an illumination function.
As an example, Fig. 3 is an illumination function computed using Eq. (1) and the MODTRAN 3.5 radiative transfer code. In this example the solar zenith angle o is 25°. The overall shape of the spectrum is due to the extraterrestrial solar radiance, which is well approximated by a blackbody at 5800 K. The atmosphere is a heterogeneous mixture of many gases and aerosols, several of which interact with electromagnetic energy in the visible and near-infrared, causing prominent absorption bands in ground spectral irradiance functions. In Fig. 3 , for example, the absorption bands centered near 0.94, 1.14, 1.38, and 1.88 m are due to water vapor; the absorption bands centered near 2.01 and 2.08 m are due to carbon dioxide; and the absorption band near 0.76 m is due to oxygen. The strength of these bands depends on the concentration of the various gases. The solar zenith angle also has a strong influence on the downward atmospheric transmittance, because atmospheric path length increases with increasing zenith angle. In addition, occluding bodies can block direct solar radiation. Illustrating the wide variability of illumination spectra, Fig. 4 is a plot of calculated normalized illumination spectra for two different atmospheric and geometric configurations. The solid-curve spectrum corresponds to direct solar illumination in a tropical environment. The dashed-curve spectrum corresponds to a surface exposed primarily to skylight in a desert environment.
For our analysis the MODTRAN 3.5 radiative transfer code was used to compute atmospheric spectraltransmittance and spectral-radiance functions over specified atmospheric paths. These functions depend primarily on the concentration and distribution of scattering and absorbing molecules and aerosols along the path. MODTRAN models the atmosphere as a set of spherically symmetric layers with temperature, pressure, and molecule and aerosol densities specified at the layer boundaries and approximated by smooth functions between layer boundaries. The amount of scattering and absorption along a path between two points is computed by integration along the path while refractive ray bending that is due to the Earth's curvature is considered. MODTRAN 
DIMENSIONALITY ANALYSIS
In this section we analyze the dimensionality of outdoor illumination functions induced by atmospheric and geometric effects. A wide range of conditions was used to generate 2560 ground spectral irradiance functions for the analysis. We analyze separately the visible wavelength range (0.33-0.7 m) and the visible/near-infrared wavelength range (0.4-2.5 m).
A. Linear Models
Let L i () be an illumination function where the subscript i denotes a particular set of atmospheric and geometric conditions. We can approximate L i () over a range of wavelengths, using
where the functions l j () define a fixed basis and the constants ij are weighting coefficients. For a discrete function L i () that is sampled at W wavelengths, we define the quality of the approximation in relation (2) by the squared error
..,L M () of discrete functions corresponding to different atmospheric and geometric conditions, the total squared error associated with a set of basis functions is
Consider a W ϫ M matrix X with each column containing a discrete function L i (). We can compute an orthonormal basis for the column space of X, using the singular-value decomposition 32 X ϭ U⌺V T .
For any N, the first N columns of U provide an orthonormal set of basis functions l 1 (), l 2 (),...,l N () that minimize E T . An important question is how many basis functions are required for approximating accurately a large set of L i () functions that correspond to different atmospheric and geometric conditions.
B. Range of Physical Conditions
Given the difficulty of measuring illumination spectra over a wide range of conditions, we used the MODTRAN 4 , N 2 O, and CO were also considered. For each case we considered eight solar zenith angles. Considering each of these combinations yields a total of 4 ϫ 4 ϫ 4 ϫ 4 ϫ 8 ϭ 2048 conditions. However, 768 of these conditions are not physically realizable, since they correspond to a relative humidity of greater than 100%. This leaves 1280 possible conditions. For each condition we generated the ground spectral irradiance function L i () that would be observed for the sky by integrating 25 uniformly spaced samples over the illuminating hemisphere, excluding the solar direction. For each condition we also generated the ground spectral irradiance that would be observed for the combined sun and sky, giving a total of 2560 ground spectral irradiance functions. We note that linear combinations of the two functions generated for each condition can describe arbitrary amounts of solar occlusion. Table 1 summarizes the values of the parameters used to generate the L i () functions.
C. Visible Wavelengths (0.33-0.7 m)
We first examined the use of linear models to represent the 2560 ground spectral irradiance functions over the visible wavelengths. To maintain consistency with the empirical study in Ref. 19 , the 2560 functions were sampled at 0.01-m intervals over the 0.33-0.7-m range to yield W ϭ 38 spectral samples. The computational process described in Subsection 3.A was used to compute the basis functions l j () that minimize E T in Eq. (4). The average normalized error E T / ͚ iϭ1 M ͉L i ()͉ obtained for between 2 and 20 basis functions is plotted in Fig. 5 . We see that this error falls below 0.01 for N ϭ 7 basis functions. The first seven basis functions are plotted in Fig. 6 and listed in Table 2 .
The analysis of Judd et al. 19 In each case the Judd vector is plotted using a solid curve and the fit is plotted using a dashed curve. We see that the fits are quite accurate for Ē (), V 1 (), V 2 (), and V 3 (). There is a substantial amount of deviation in the fit to V 4 (), suggesting that this component is fitting noise or instrumentation artifacts present in the data in Ref. 19 . This seems especially likely, since the authors in Ref. 19 report that the 622 daylight functions are accurately approximated using only Ē () and weighted combinations of V 1 () and V 2 (). We conclude that the 622 daylight samples used in Ref. 19 can be modeled accurately using the seven-dimensional model defined by the basis functions in Fig. 6 .
D. Visible/Near-Infrared Wavelengths (0.4-2.5 m)
We also examined the use of linear models to represent the 2560 illumination functions over the spectral range 0.4-2.5 m that corresponds to the spectral sensitivity of hyperspectral imagers. 1,2 The functions were sampled at 0.01-m intervals, giving W ϭ 210 spectral samples. The average normalized error for this range for between 2 and 20 basis functions is plotted in Fig. 12 . As for the visible wavelength range examined in Subsection 3.C, a seven-dimensional model has an average normalized error of ϳ0.01. The first seven basis functions are plotted in Fig. 13 .
We were able to obtain a few ground spectral irradiance functions over the 0.4-2.5-m range to test the model. The functions were measured using a spectroradiometer to record the light reflected from a Spectralon plaque. Spectralon has a nearly constant spectral reflectance over 0.4-2.5 m. Figure 14 is a ground spectral irradiance function measured in Oklahoma in 1996 along with the fit using the seven-dimensional model defined by the basis functions in Fig. 13 . Figure 15 is a ground spectral irradiance function measured in Maryland in 1995 along with the fit using the seven-dimensional model. In both figures the measured data is plotted us- ing a solid curve and the fit is plotted using a dashed curve. In each case we see that the model accurately captures the measured data.
SUMMARY
Linear models for illumination spectra play an important role in several techniques for recovering surface information from spectral measurements. In this paper we examined the use of linear models to represent outdoor illumination functions over the visible spectral range and the visible/near-infrared spectral range. Using a physical model and the MODTRAN 3.5 radiative transfer code, we generated 2560 illumination spectra that are representative of a wide range of conditions. The calculated spectra were used to compute linear models for the space of illumination functions over both the 0.33-0.7 m and the 0.4-2.5 m spectral ranges. We showed that a sevendimensional linear model can accurately represent the gamut of atmospheric and geometric effects for both spectral ranges. The linear model over the visible wave- 
